THE HOMOGENEOUS APPROXIMATION PROPERTY AND 
THE COMPARISON THEOREM FOR COHERENT FRAMES 



KARLHEINZ GROCHENIG 

Abstract. We show that the homogeneous approximation property and the 
comparison theorem hold for arbitrary coherent frames. This observation answers 
some questions about the density of frames that are not covered by the theory 
of Balan, Casazza, Heil, and Landau. The proofs are a variation of the method 
developed by Ramanathan and Steger. 



Frames provide redundant non-orthogonal expansions in Hilbert space, intu- 
itively they should therefore be "denser" than orthonormal bases. The first funda- 
mental result is Landau's necessary condition for sets of sampling of band-limited 
functions [11]. A second fundamental idea is the homogeneous approximation 
property and the comparison theorem of Ramanathan and Steger [12] in the con- 
text of Gabor frames. Since then many contributions have investigated the den- 
sity of frames and varied and applied the method of Ramanathan and Steger. 
See [3,4,8,13] for a sample of papers. The approach in [12] culminates in the deep 
investigation of Balan, Casazza, Heil, and Landau [1,2] who have found a density 
theory for a general class of frames that are labeled by a discrete Abelian group. 

However, the BCHL theory is not universally applicable, for instance, the density 
of wavelet frames does not fall under this general theory, and a separate investiga- 
tion is necessary, as was shown in a sequence of papers by Heil and Kutyniok [9,10] 
and by Sun [14-16]. Their work uses quite explicit and long calculations in the 
group of affine transformations. 

In this note we show that the approach of Ramanathan and Steger yields the 
homogeneous approximation property and a comparison theorem for the class of 
coherent frames. These frames arise as subsets of the orbit of a square-integrable 
group representation. In particular, wavelet frames possess this structure. The 
advantage of the abstract point of view is the conciseness and simplicity of the 
proofs and the much more general range of validity. The additional insight is 
that the homogeneous approximation property and the comparison theorem are a 
consequence of structure alone, we do not need to assume additional localization 
properties as in [1]. 

We will work in the context of a locally compact group G with Haar measure 
dx. We write \U\ = f G Xu(x) dx for the measure of a set U C G and K c for the 
complement of K in G. 
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Amalgam spaces. Let U = U~ l C G be a symmetric compact neighborhood of 
the identity element e E G and let 

/«(*) = sup i/GOi 

be the local maximum function of /. Then the left amalgam space W(L°°,L 2 ) is 
defined by the norm 

(1) ||/lk(L^) = ||/»|| 2 . 

Recall that a set X C G is called relatively (left) separated if 

(2) sup card (X fl xU) < oo . 

for some, hence all, compact neighborhood(s) U of e. Equivalently, for any compact 
set K C G the sum ^2 xeX XxK is uniformly bounded in G. 

Lemma 1. Let X = {xj} be a relatively (left) separated set in G and K C G a 
compact set. Then 

(3) £ |/(x,)| 2 < C / |/tt(^)| 2 ^- 

X&K Jk ° U 

Proof. Set Co = \\J2jeJ XxjuWoo- By ([2]) this constant is finite. First we note 
that \f{xj)\ < P(x) whenever Xj G xU or x G Xjf/ (because U is symmetric). 
Consequently 

l/(^)| 2 <^/" fKxfdx. 
So after summing over j, we obtain 



x-jU 



Xj$_K Xj^K 



< 17n C I f\x) 2 dx, 



\u\ 



K C U 



because Y.x^kXx^) < C Xk-u(x) for all x G G. ■ 

Next we consider the setup for coorbit theory and coherent frames. Let (tt,7Y) 
be a unitary, square-integrable representation of G on a Hilbert space 7i. For fixed 
g G 7Y, g 7^ 0, we set V^/ = (f,7r(x)g); this representation coefficient is the analog 
of the wavelet transform or short-time Fourier transform for the group G. 

We investigate frames of the form {ii(xj)g : j G J}, so-called coherent frames. 
This means that there exist positive constants A, B > 0, the frame bounds, such 
that 

(4) A\\ff < YlKfMxjW = £ \V 9 fixj)\ 2 < B\\f\\ 2 

j j 

for all / G Ti. From (j3J) it is clear that the sampling of the representation coefficients 
with respect to g on the set X must be in £ 2 . This is close, but not equivalent, to 
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saying the V g f G W(L°°,L 2 ). Thus the frame condition motivates the following 
definition. 

Definition 1. A vector (wavelet) g G Ti is "nice", if the mapping V g (the general- 
ized wavelet transform) maps Ti into W^(L°°,L 2 ). 

In most situations the set of nice vectors is dense in Ti and examples can be easily 
constructed (see Remark 1). In the following we assume that {n(xj)g : j G J} is a 
frame for Ti and that {hj : j G J} is a dual frame. We may take any dual frame, it 
need not be the canonical dual. We remark that {xj} must be relatively separated 
in this case (otherwise the upper frame bound would not exist). 

The intuition behind coherent frames is that the frame vector 7r(xj)g lives near 
the point Xj in the "G-plane". Consequently, a vector of the form ^2 x . eK Cjn(xj)g 
should live on K. 

To formalize this intuition, we introduce the following subspaces of Ti. Let L C G 
be a compact subset of G and y G G, then Vl, v is the subspace of Ti spanned by 
the vectors of the dual frame hj, Xj G yL. Formally, 

(5) V(yL) = span {hj : xj G yL} , 

and we let P^y be the orthogonal projection from Ti onto V(yL). 

The following homogeneous approximation property is a weak form of local- 
ization of a frame. The proof for coherent frames follows closely the proof for 
bandlimited functions in [8]. 

Proposition 2 (Homogeneous Approximation Property). Assume that g is nice 
and that {n(xj)g : j G J} is a frame for Ti and that {hj : j G J} is a dual frame. 
Then for every f G Ti and e > there exists a compact set L C G (depending on 
f and e) such that 

(6) sup ||7r(x)/ - P K L,yir(x)f\\ < e 

xdyK 

holds for all compact sets K C G and all y G G. 

Proof. Since g is nice, the representations coefficient V g f is in W(L°°,L 2 ) for all 
/ G L 2 . Therefore for any 5 > there is a compact set L C G, such that on 
L C U, an open neighborhood of the complement of L, the maximal function (V g f)^ 
is small, precisely, 

(7) / {V g ff{x)dx<5. 

Jl c u 

We will use the frame expansion 

(8) 7r(x)f = J2(ir(x)f, n(x j )g)h j . 

j 

Recall the following property of orthogonal projections: If PxL,yh = Ylj-x eyKL c jhj, 
then 

(9) \\h- P K L, y y\\ < \\h- ^2 d 3 h jh 

j-.Xj£yKL 



4 KARLHEINZ GROCHENIG 

for any choice of coefficients dj. Choosing the special coefficients of the frame 
expansion (jSJ), we obtain that 

h(x)f - P K L, y 7r(x)f\\ 2 < ||7r(x)/- Y (n(x)f, n(xj)g} hj || 2 

j-.Xj£yKL 

= II Y (^( x )fM x j)9) h j\\ 2 
< A- 1 Yl \W*)fM*j)9)\ 3 

j-.Xj^yKL 
j-.Xj^yKL 

The last inequality follows from the fact that {hj} is a frame and obeys the Bessel 
inequality with constant A^ 1 , where A is the lower frame bound of {n{xj)g} in 01]). 

Some gymnastics: Since Xj G" yKL, we have x^Xj G" x~ x yKL. Further, {x _1 Xj} 
is relatively separated, and therefore 

II Y Xx-^XjUWoo = C < OO , 
3 

where this constant is independent of x. 
We apply Lemma [1] and obtain 

Y \{f^{x- l Xj)g)\ 2 = Y IV^'SOI 2 

j:x~ 1 xj£x~ 1 yK L j:x~ 1 Xj ^x —1 yKL 

< C [ \V a f(x)\ 2 dx 

J{x- x yKLYU 

So for K C G compact and x G yK we obtain 

(10) ||7T(X)J - P K L,y<x)ff < A~ X C SUp / V g f\xf dx . 

x- 1 y=z£K~ 1 J(zKL) c U 

If K C G is compact and x G yX, then 2 = x~ x y G i^ -1 , therefore L C for 
all ^ G if" 1 and (zKLfU C L c £7. Therefore 

sup / y ff / tt (u) 2 du< / (V^/)"^) 2 ^. 

zeK- 1 J (zKL) c U JL C U 

If we now choose L such that CA" 1 J L c V (V g fY(u) 2 du < e, which is possible by (J7J), 
then we have proved that 

sup \\7i(x)f - P KL:y n(x)f\\ <e, 

x&yK 

and the homogeneous approximation property is proved. ■ 

REMARK: In most situations, nice vectors g exist in abundance. For instance, if 
is irreducible and square-integrable, then a nice vector can be constructed 
as follows: Let g Q G Ti be admissible, and be continuous with compact support. 
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Then g = ir(k)go = J k(x)7r(x)go dx has the property that V g p G W(C, L 2 ) for all 
f EH. This follows from a convolution equation in [5]. See also [6]. 

If 7r is the reducible representation by translations and dilations on L 2 (M. d ) de- 
fined by %(x,s)f(t) = | dete" sA/2 |/(e" Sj4 (t-x), where x,t G R d , s G M + and A is a 
real- valued d x d- matrix with all eigenvalues having positive real part, then every 
Schwartz function g such that supp g C {u; : < a < \u)\ < b} is nice. This follows 
immediately from the fact that the wavelet transform V g g(x,s) = (g, tt(x, s)g) has 
compact support in s. See [7] for more on admissible vectors in this case. 

The Comparison Lemma. Before we estimate the dimension of the finite- 
dimensional subspaces defined in (jSJ), we state a simple estimate for the trace of an 
operator. 

Lemma 3. Let T be a positive trace-class operator on a Hilbert space 7i and {h k '■ 
k G J} be a frame with frame bounds A, B > 0. Then 

— y^(T7i, fc , h k ) < trT < i ^2(Th k , h k ) ■ 

k k 

Proof. By the spectral theorem there exists an orthonormal set tpj and positive 
eigenvalues Xj such that Tf = J2j ^j(fi<Pj)<Pj- Then 

^2(Th k ,h k ) = JZJZAj 1(^,^)1 2 

k j k 

3 

= B^2\ j = BtrT. 

j 

Likewise, by using the lower frame bound, we obtain ^2 k (Thk, h k ) > A trT. ■ 

Let Eg = {ir(xj)g : Xj G X} and Eh = {^{yk)h : yk G 3^} be two coherent frames. 
As above, denote the dual frame of E g by {hj} and its frame bounds by A, B. 
For compact subsets K, L C G and y G G, define the subspaces 

(11) V g (yKL) = span {hj : Xj G yKL} 

(12) W h (yK) = sp a n{n(y,)h:y k eyK}, 

and let P = P g (yKL) and Q = Qh(yK) be the orthogonal projections onto the 
subspaces V g and Wu- Finally let T = QPQ : Wh — > W 7 ^. T is a positive operator 
of finite rank. We estimate its trace from above and below. 

To keep track of these subspaces and projections, keep in mind that £ g is a given 
frame whose density we want to understand and that Eh is the reference frame. If 
possible, Eh is chosen to be a Riesz basis or an orthonormal basis. This has been 
the case in most applications of the comparison theorem so far. 
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Theorem 4. Given e > 0, there exists a compact set L C G, such that for all 
y G G and all compact sets K C G 

(13) \\h\\ 2 B-\l - e)card{fc : y k G yK} < card^ G yKL} . 

Proof. Since T is a product of orthogonal projections, its eigenvalues are between 
and 1 and 

(14) tr T < rank P < card {xj G yKL} . 
To obtain a lower bound, we use Lemma [3] and obtain 

trT - B^2( T7r (yk)h,ir(y k )h) 

k 

> -g 5^ ( T7V (yk) h ^(y k )h) 

k:y k EyK 



= Yl (QPQK(yk)h,n(y k )h) 

k:y k EyK 
k.y k €yK 

= {( n (yk) h ^(yk)h) + ((I - P)Tr(y k )h,ir(y k )h) 

k-y k eyK 

= iM! card {A;:y fc G 2 /K} + (*). 

To estimate (*), we apply the homogeneous approximation property (Proposi- 
tion [2]). Choose a compact set L C G such that 

1 1 Tr (^c) /z — -Pa'l,?, 71 "^)^!! < e||/i|| 

for all compact sets K C\G and x G yi^T. Then 



1 . 1 

< e W h \\ h(yk)h\\ = —c&rd {k : y k e yK}e 



B ^ w 7 " B 

k-y k &yK 

By combining these estimates we obtain a lower bound 

(15) Y, (Trf(y k )h,n(y k )h) > card{fc : y k G yK}\\h\\ 2 B-\l - e) . 

Combining ( fl4"l) and ( fl5l) . the claim is proved. ■ 

The comparison theorem is the starting point for genuine density theorems. For 
instance, Landau's necessary conditions for set of sampling are a simple corollary 
of Theorem HI Likewise, Ramanathan and Steger derived the necessary density 
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of nonuniform Gabor frames as an immediate corollary of a special case of Theo- 
rem HI For more general groups and representations, one may define some form of a 
Beurling density and deduce a density theorem, but the results are not completely 
satisfying. 
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